The quasinormal modes for a scalar field in the background spacetime corresponding to a black hole, with a cloud of strings, in Einstein-Gauss-Bonnet gravity, and the tensor quasinormal modes corresponding to perturbations in such spacetime, were both calculated using the WKB approximation. In the obtained results we emphasize the role played by the parameter associated with the string cloud, comparing them with the results already obtained for the Boulware-Deser metric. We also study how the GaussBonnet correction to general relativity affects the results for the quasinormal modes, comparing them with the same background in general relativity.
Introduction
String theory is a promising framework for a quantum theory of gravity. Its main idea concerns on the fact that the building blocks of nature are one-dimensional strings, instead of zero dimensional particles. Due to inflation, these fundamental strings could have been stretched in the early universe and can exist today, at least hypothetically, as extended strings of cosmological sizes.
1 A more traditional framework to describe particles and its interactions, the quantum theory of fields, also predicts that cosmic strings could have been formed in the early universe due to a phase transition.
2 For these reasons, it is natural to study the cosmological and astrophysical effects generated by one-dimensional extended strings, as individual objects or also as a collective phenomena.
A cloud of strings is the one-dimensional analogous of a cloud of dust. The theoretical framework for such objects has been developed by Letelier in, 3 and recently several works on the subject has appeared, e.g., on its space-time structure, 4-6 and thermodynamics properties. 7 In the spirit of considering these strings as fundamental objects, it is natural to consider them in a gravitational theory that goes beyond Einstein's gravity, since the low-energy limit of string theory implies the natural generalization of general relativity to higher dimensions, namely, Lovelock theory of gravity.
In this paper, our interest is to study the perturbations around the classical space-time generated by the cloud of strings. To be more precise, we will study the scalar and tensor quasinormal modes for a cloud of strings inside a black hole. Quasinormal modes are complex numbers that model the emission of gravitational waves by perturbed objects. Its real part is related with the frequency of emission, and its imaginary part is related with how the oscillation decay in time (For a review, see 8 ). The study of quasinormal modes has received a great attention in the last years for two fundamental reasons: The first and most obvious one is related with the search for gravitational waves emitted by compact objects, such as black holes and neutron stars. The recent first direct detection of an emission, and the amazingly precise matching between the observed and theoretically calculated data, has crowned such efforts. 9 As a secondary reason, we can mention the gauge/gravity dualities, where the quasinormal modes in the gravitational side of the correspondence is related with the poles of a propagator in the dual theory. Being a mere theoretical framework for the study of strong coupled gauge theories, or a realistic description for a hypothetical holographic universe, the fact is that the gauge/gravity dualities has attained a great deal of attention over the last years.
Our main goal in this paper will be to study the quasinormal modes for a black hole, with a cloud of strings, in the 2nd order Lovelock theory, also called EinsteinGauss-Bonnet gravity. The limit to general relativity can be easily obtaining taking α → 0, where α is the parameter that takes care of the difference between general relativity and Einstein-Gauss-Bonnet gravity. The quasinormal modes for a black hole in Einstein-Gauss-Bonnet has already been calculated in 10 and, 11 for scalar and tensor modes, respectively, and its stability criteria has been studied since then.
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Now we add a cloud of strings to understand how the presence of this object can affect the frequency of emission and the rate of decay. Also, we will be able to study how the introduction of the Gauss-Bonnet term will modify the spectra of emission generated by the cloud of strings, inside a black hole, as compared with the same system in general relativity.
Gauss-Bonnet gravity can be considered for dimension greater or equal than 5, but we will not consider dimensions 5 or 6. The former because there is no solution for the whole range of the Gauss-Bonnet parameter, and the latter since it is unstable to tensor mode perturbations. 15 We have chosen to work with dimensions 7 and 9 to compare the role of the dimensionality of the space-time on the behaviour of the quasinormal modes. In this paper we will not consider phenomenological bounds as an upper limit in the Gauss-Bonnet parameter. Despite the fact that it is of fundamental importance to constraint the parameters of the theory with observations, we will keep the parameters free of bounds, with the exception of the already mentioned instability for dimension d=6. For a discussion on parameter bounds for some modified theories of gravity, see.
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This paper is organized in the following manner: In section 2 we will briefly discuss how to construct the Lovelock model of gravity. In section 3 we will introduce the formalism for the cloud of strings, together with their space-time structure. In section 4 we will calculate the scalar quasinormal modes for such a system and compare then with the same gravitational model, but without the cloud of strings, with and without the Gauss-Bonnet additional term. In section 5 we will do the same calculation, but now for the tensor quasinormal modes. It will be interesting to note that, as the energy of the cloud of strings grows, the scalar and tensor spectra approach each other, achieving some kind of isospectrality. Finally, in section 6 we will present our conclusions.
Lovelock models of gravity
Lovelock models of gravity are a natural generalization of general relativity to higher dimensions. Their field equations are up to second order in derivatives of the metric, and constructed in such a way that the energy-momentum tensor of the theory is conserved. In terms of a local frame e (a) = e
, where η (a)(b) is the Minkowski metric, the n-th order Lovelock model of gravity is given by
where
with ρ (a)(b) being a 2-form connection, and d the spacetime dimension. The zeroorder action is a cosmological constant term. The first-order is the Einstein-Hilbert action. The second-order term is called Gauss-Bonnet term. As an example, in 5 dimensions it is given by
The 2-form of curvature can be obtained from the second Cartan structure equa-
can be obtained in terms of the vielbein, given by e (a) e (b) = δ (a) (b) , using the first Cartan structure equation,
where the spacetime is torsion-free. In coordinate indices, the action of the second-oder Lovelock term reduces to
where g is the determinant of the metric g µν . In this paper we will consider both the first and second terms of the action. This theory is usually called Einstein-GaussBonnet gravity. The field equations can be obtained, as usual, by varying the action with respect to the metric. In coordinate indices, it is given by
where κ −1 = 8πG, but we will set it equal to unity, to be consistent with 27 a . The tensor (G 1 ) µν is the Einstein tensor, given by (
Let us consider a Schwarzschild-like metric with spherical symmetric,
where dΩ is the (d − 2)-sphere in a d dimensional spacetime. A vacuum solution of the Einstein-Gauss-Bonnet field equations (5) is the Boulware-Deser metric,
and C 1 is an integral constant usually chosen so that the Boulware-Deser metric reduces to Schwarzschild metric as α 2 → 0. In this paper we are interest to solve the Einstein-Gauss-Bonnet equations with a energy-momentum tensor due to a string cloud.
The cloud of strings
In cosmology, it is usual to consider clouds of matter to model the cold content of the universe. A cloud of strings is an analogue model, where the zero-dimensional content is replaced by one-dimensional objects, extended along some defined direction.
In the present paper, we will consider strings distributed in a spherical symmetric pattern.
In the same way as a particle generates a word-line in spacetime, a string generate a two-dimensional world-sheet Σ, parametrized by the parameters λ 0 and λ 1 . The action for a single string is given by the Nambu-Goto action,
where m is positive and related to the tension of the string, and γ is the determinant of the induced metric
The action can also be described by a spacetime bi-vector Σ µν , given by
such that the Nambu-Goto action can be written as
The action (12) allow us to calculate the energy-momentum tensor for the string in a straightforward way, from the relation T µν = −2∂L/∂g µν . The energy-tensor of a single string is then given by
and a string cloud can be naturally described by a density of strings, such as T µν cloud = ρT µν , where ρ is the density of the string cloud. For a spherically symmetric string configuration, the only non-null component of the bi-vector is Σ tr = −Σ rt . Then, the only non-null components of the energymomentum tensor of a cloud of strings are given by
The conservation of the energy-momentum tensor, ∇ µ T µν , allow us to calculate the radial dependence of it. The equation ∂ µ (T
where η 2 is a integration constant that is related with the energy-density of the whole cloud, and depends both on the energy of individual strings and on the string cloud density. The energy-momentum tensor of a cloud of strings resembles the energy of a global monopole, 24 since both describes radial energy flux. The line element (7) indicates that only one function is necessary to describe the metric, namely, f (r)
where the indice i is not contracted. In general relativity (first-order Lovelock gravity), the solution to (16) is given by
where C 1 and C 2 are integration constants. The constant C 1 can be found using the Newtonian limit from general relativity, and the constant C 2 will be fixed by the other field equations. We can note that in d = 4, the cloud of strings (and the global monopole) produces an angular deficit. We are interested, however, to solve the Einstein-Gauss-Bonnet model. The easiest way to solve the field equations is to determine the vacuum G i i components, and to fix the integration constant inserting the obtained function in the (t, t) component of the field equations. This gives us an answer which can be written as
where the mass M term was fixed by demanding that the above solution reduces to the Schwarzschild-Tangherlini metric as η 2 = 0 and α → 0.
Scalar perturbations
The 
where the tortoise coordinate is defined as dr/dr * = f (r), and the effective potential V (r) is given by
with l being the angular momentum eigenvalue related with the angular momentum operator L 2 . In figure (1) it is plotted several configuration for the potential, varying the parameters α and η 2 , the angular momentum l and the dimension d. We can note that, in all of the situations, the potential appears to be positive in the limit r → ∞. On the top and bottom left plots, where the parameters η 2 and α are varying, the peak and height of the potential changes, but asymptotically it looks like the same.
To find the scalar quasinormal modes for the scalar field, we must solve equation (19) , together with the following set of boundary conditions,
Regions I and II are away from the peak of the potential in opposite directions, and the boundary conditions (21) states that we should consider the absence of incoming waves. Equation (19) can be solved using the familiar WKB approach, where an approximate WKB solution is found at both regions I and II, and matched with the approximated solution found around the peak of the potential. To reconcile the boundary conditions (21) with the matching, the modes should obey the constraint
where Q(r) = ω 2 − V (r), and Q 0 = d 2 Q(r)/dr * 2 . The parameter n is called the tone number of the quasinormal mode. The Λ k 's can be obtained from the potential Q(r) up to its 2k-derivative, and indicates the order of the WKB method. The 3th order WKB was developed in 25 and the 6th order in. 26 The explicit formula for the considered Λ k 's can be found in the original papers 25 . 26 For l > n, the WKB method gives us a good approximation for the correct quasinormal modes, and we will use the 5 − th order WKB method to calculate the scalar quasinormal modes.
The calculated values for some set of parameters is listed in table (1) for d = 7. The behaviour of these values for the quasinormal modes, as compared with the quasinormal modes for the Boulware-Deser metric, are best understood in a plot. In figure (2) we plot four graphs, where we show how the quasinormal modes changes as we vary the parameter η 2 , related with the cloud of strings. The top plots were calculated for d = 7, and the bottom plots for d = 9. We can see that both the real and imaginary values decrease as the parameter η 2 increases, indicating that the main effect of the cloud of strings is to lower the frequency and attenuate the decay. For the real part, the pattern on how the frequency decreases appear to be independent of the parameter α, at least for small values of the parameter η 2 . For the imaginary part, we cannot find a well-defined pattern, but the effect of the cloud Quasinormal modes of a black hole with a cloud of strings in Einstein-Gauss-Bonnet gravity 9 of strings on the attenuation of the decay is clear. In figure (3) we plot the same set of data, but now we focus on higher values for the parameters α and η 2 . The main effect of the cloud of strings is clear one more time: to decrease the value of the modes. The way how it happens, however, deserve some commentaries. First, for a value of the parameter η 2 high enough, the value for the modes becomes independent of the parameter α. In other words, as the energy flux increases (as we consider a bigger density of strings), the constant of the Gauss-Bonnet term becomes unimportant to determine the value of the modes. In both graphs we can see that this happens when the parameter η 2 is about 10 times the value of the parameter α. Also, the imaginary part of the quasinormal modes presents an unexpected behaviour, already noticed in figure (2) . Usually, the imaginary part increases as the parameter α increases, but for some values of the parameter η 2 , this behaviour changes, and the imaginary part of the modes becomes smaller for higher values of the parameter α. Another way to explore this set of data is to fix the parameter η 2 and to vary the parameter α. A set of four plots using this procedure is show in figure (4) , and the result is consistent with the ones presented in, 10 where the author studies the scalar quasinormal modes in Einstein-Gauss-Bonnet gravity. The real part increases with α, but the imaginary part presents a more interesting behaviour. Untill some fixed value for α, namely, α 0 , the value decreases, and then starts to increase. The presence of the string cloud can be noted in the decrease of the modes for a fixed α, but also for changing the turning point α 0 . As the parameter η 2 increases, α 0 also increases. In the next section we will study the same system under tensor perturbations. We vary both α and η 2 .
Tensor perturbations
Tensor perturbations are obtained perturbing the metric in the gravitational field equations. This procedure for Einstein-Gauss-Bonnet theory in higher dimensions is not trivial. Fortunately, we can reduce this problem to a Schrödinger type equation (19) , with the potential given by
with
and
where the radial dependence of the function f (r) is implicit, and γ = −l(l+d−3)+2. This procedure can be found in.
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Some calculated values for the quasinormal modes, for some sets of parameters, are listed in table (2) . It is more useful, however, to plot the data in a series of graphs. In figure (5) the real and imaginary values for the quasinormal modes are plotted for l = 2, n = 0 and d = 7. The behaviour is the same as presented for the scalar modes. For η 2 = 0, the value for both the real and imaginary part decreases as the parameter α decreases, and both values decreases as we increase the value for the parameter η 2 . In figure (6) the parameter η 2 is fixed, and we vary the parameter α. For the imaginary part, the values for the modes decreases as we increase the parameter α, and the real part does not show some definite behaviour. We had chosen to keep α not too greater than unity, since the system appears to be unstable for larger value of α. We would like to call the attention to the fact that our results differs from the one obtained by. 11 The reason is the different parametrizations we used for the parameter α. We believe we made the correct choice, since the tensor potential obtained in 27 requires κ = 1, and not only G = 1, as used in.
11
We also consider as an important result the fact that the values for the scalar and tensor quasinormal modes approaches each other as the parameter η 2 increases. In the absence of the string cloud, there is not an isospectrality between the scalar and tensor modes, as noted in.
11 However, we can see that such isospectrality occur for large values of the parameter η 2 , related with the string cloud. 
Conclusions
We have obtained the massless quasinormal modes for a black hole, with a cloud of strings, in Einstein-Gauss-Bonnet gravity for a scalar and a perturbed metric field. We have focused on the role played by the parameter η 2 , related to the energy of the string cloud, and also by the parameter α, which parametrize how the EinsteinGauss-Bonnet gravity differs from general relativity. For the α → 0 and η 2 = 0, the spacetime solution is the Schwarzschild metric, and for η 2 = 0 and α = 0, the solution is the Boulware-Deser metric.
We have found that, as η 2 grows, both the normal and imaginary parts of the modes decreases. This indicates that the frequency of emission is smaller when compared with the same system without the string cloud. It also indicates that the emission occurs for a longer period of time, since the damping (parametrized by the imaginary part of the QNMs) is smaller when the cloud of strings is present.
